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QUANTUM AFFINE MODULES FOR NON-TWISTED AFFINE
KAC-MOODY ALGEBRAS
V. FUTORNY, J.T. HARTWIG, AND E.A. WILSON
Abstract. We construct new irreducible weight modules over quantum affine
algebras of type I with all weight spaces infinite-dimensional. These modules are
obtained by parabolic induction from irreducible modules over the Heisenberg
subalgebra.
Introduction
One of the distinctive features of affine Kac-Moody algebras, in contrast to the
finite dimensional semisimple Lie algebra case, is the existence of Borel subalge-
bras which are not Weyl group conjugate to the standard ones generated by the
positive (resp. negative) simple generators ([11] and [7]). This leads to a very
rich module theory, which includes weight modules all of whose weight spaces are
infinite dimensional constructed by Benkart, Bekkert, Futorny and Kashuba, ([3]).
In this paper we construct modules for untwisted affine quantum groups based on
this construction which also have all their weight spaces infinite dimensional.
The main tool we will use in this construction is the Poincare´ Birkhoff Witt
type basis given in terms of the Drinfeld generators of the quantum affine algebra
([5], see also [1]). These generators contain a copy of the infinite rank quantized
Heisenberg algebra, Gq, generated by the imaginary root vectors. We obtain an
isomorphism between Gq and an infinite rank Weyl algebra of which it is a trivial
deformation. This allows us to apply the classification of Futorny, Grancharov,
and Mazorchuk ([6]) to obtain an ample supply of irreducible Gq modules. We use
parabolic induction on these modules to obtain modules of the full quantum affine
algebra. If V is an A-admissible irreducible Gq-module, then we use the A-form of
the induced module to show that it is a deformation of an irreducible module for
the affine Kac-Moody algebra (see §1.1 for the definition of A). Moreover, as in
Lusztig’s result ([13]) we see that the weight multiplicities are the same as in the
q = 1 case. In the final section, we apply the result of the previous section to the
case of ϕ-imaginary Verma modules for ϕ : N → {±} an arbitrary function. By
[3, Proposition 3.4] and its corollary we obtain conditions for all weight spaces of
these modules to be infinite dimensional and irreducible.
1
1. Preliminaries
Throughout this paper, N denotes the set of non-negative integers. Let I =
{1, . . . , n} and let g = X
(1)
n be an untwisted affine type Kac-Moody algebra cor-
responding to a generalized affine Cartan matrix of type 1: A = (aij)0≤i,j≤n. The
loop algebra construction (see [12]) gives:
g =
(˚
g⊗ C[t, t−1]
)
⊕ Cc⊕ Cd (1.1)
where g˚ is a simple finite-dimensional Lie algebra over C of type Xn, c is the
central generator and d is the degree derivation. Then h = h˙⊕Cc⊕Cd is a Cartan
subalgebra of g, where h˙ is a Cartan subalgebra of g˚. Let D = (d0, . . . , dn) be a
diagonal matrix with relatively prime integer entries such that the matrix DA is
symmetric. Let ∆˚ be the root system of g˚, and ∆˚± be the sets of positive and
negative roots with respect to some choice of simple roots α1, . . . , αn. Then, the
sets of positive (resp. negative) roots of g are:
∆± = {α± kδ | α ∈ ∆˚ ∪ {0}, k ∈ Z>0} ∪ ∆˚
±.
For each α ∈ ∆ set gα = {x ∈ g | [h, x] = α(h)x for all h ∈ h}. Denote by Q˚
the free abelian group generated by α1, . . . , αn, a root lattice of g˚. Let Q := Q˚⊕Zδ
be the root lattice of g and P = {λ ∈ h∗ | λ(hi) ∈ Z, i ∈ I, λ(d) ∈ Z} be the weight
lattice, where h1, . . . , hn is a basis of h˙.
Unlike in the finite-dimensional case, ∆ does not consist of a single Weyl group
orbit. Instead, ∆ = ∆re ∪∆im where ∆re is the set of all roots that are conjugate
to a simple root αi and ∆
im = ∆\∆re, called the sets of real and imaginary roots
respectively. As seen in [12], for an untwisted affine type Kac-Moody algebra we
have ∆re = {α + kδ | α ∈ ∆˚, k ∈ Z} and ∆im = {kδ | k ∈ Z\{0}} where δ is the
indivisible imaginary root.
Consider the partition ∆ = S ∪−S of the root system of g where S = {α+ kδ |
α ∈ ∆˚+, k ∈ Z} ∪ (∆im)+. This is a non-standard partition of the root system
∆ in the sense that S is not conjugated to the sets ∆± by the Weyl group. The
classification of closed partitions of the root system for affine Kac-Moody algebras
was obtained by Jakobsen and Kac [11], and independently by Futorny [7, 8].
The quantum affine algebra Uq(g) is the C(q
1/2)-algebra with 1 generated by
Ei, Fi, Kα, γ
±1/2, D±1 i ∈ I ∪ {0}, α ∈ Q,
and defining relations:
DD−1 = D−1D = KiK
−1
i = K
−1
i Ki = γ
1/2γ−1/2 = 1,
[γ±1/2, Uq(g)] = [D,K
±1
i ] = [Ki, Kj] = 0,
(γ±1/2)2 = K±1δ ,
EiFj − FjEi = δij
Ki −K
−1
i
qi − q
−1
i
,
2
KαEiK
−1
α = q
(α|αi)Ei, KαFiK
−1
α = q
−(α|αi)Fi,
DEiD
−1 = qδi,0Ei, DFiD
−1 = q−δi,0Fi,
1−aij∑
s=0
(−1)sE
(1−aij−s)
i EjE
(s)
i = 0 =
1−aij∑
s=0
(−1)sF
(1−aij−s)
i FjF
(s)
i , i 6= j.
where
qi := q
di, [n]i =
qni − q
−n
i
qi − q
−1
i
, [n]i! :=
n∏
k=1
[k]i
and Ki = Kαi , E
(s)
i = Ei/([s]i!) and F
(s)
i = Fi/([s]i!). We also define[
r
s
]
i
:=
[r]i!
[s]i![r − s+ 1]i!
.
Let U+q = U
+
q (g) (resp. U
−
q = U
−
q (g)) be the subalgebra of Uq(g) generated by
Ei (resp. Fi), i ∈ I, and let U
0
q = U
0
q (g) denote the subalgebra generated by K
±1
i
(i ∈ I), γ±1/2, and D±1.
We will also use Drinfeld realization of Uq(g) [5]. It can be generated over C(q
1/2)
by
x±ir, his, K
±1
i , γ
±1/2, D±1 i ∈ I, r, s ∈ Z, s 6= 0,
subject to the following relations:
DD−1 = D−1D = KiK
−1
i = K
−1
i Ki = γ
1/2γ−1/2 = 1, (1.2)
[γ±1/2, Uq(g)] = [D,K
±1
i ] = [Ki, Kj] = [Ki, hjk] = 0, (1.3)
DhirD
−1 = qrhir, Dx
±
irD
−1 = qrx±ir, (1.4)
Kix
±
jrK
−1
i = q
±(αi|αj)
i x
±
jr, (1.5)
[hik, hjl] = δk,−l
1
k
[kaij ]i
γk − γ−k
qj − q
−1
j
(1.6)
[hik, x
±
jl] = ±
1
k
[kaij]iγ
∓|k|/2x±j,k+l, (1.7)
x±i,k+1x
±
jl − q
±(αi|αj)x±jlx
±
i,k+1 (1.8)
= q±(αi|αj)x±ikx
±
j,l+1 − x
±
j,l+1x
±
ik,
[x+ik, x
−
jl] = δij
1
qi − q
−1
i
(
γ
k−l
2 ψi,k+l − γ
l−k
2 ϕi,k+l
)
, (1.9)
where
∞∑
k=0
ψikz
k = Ki exp
(
(qi − q
−1
i )
∑
l>0
hilz
l
)
, and
∞∑
k=0
ϕi,−kz
−k = K−1i exp
(
−(qi − q
−1
i )
∑
l>0
hi,−lz
−l
)
. (1.10)
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For i 6= j, N := 1− aij
Symk1,k2,...,kN
N∑
r=0
(−1)r
[
N
r
]
i
x±ik1 · · ·x
±
ikr
x±jlx
±
ikr+1
· · ·x±iks = 0 (1.11)
(see [1] and [4]). Here Sym denotes symmetrization with respect to k1, . . . , kn.
Beck [1] has defined an ordering of ∆ and a related PBW-type basis for quan-
tum affine algebras. Let ρ = (1/2)
∑
β∈∆˚+ β and fix a reduced expression tρ =
ri1ri2 · · · rid for the Weyl group element tρ corresponding to translation by ρ. For
g˚ recall the Lusztig automorphisms ([13]) Ti, 0 ≤ i ≤ n of Uq(g). To each root
α ∈ ∆re one assigns a corresponding root vector Eα. Let (ik)k∈Z be the sequence
of integers such that ik = ik (mod d) and define the following sequence of real roots:
βk =
{
ri1ri2 · · · rik−1(αk), if k ≥ 0,
ri0ri−1 · · · rik+1(αk), otherwise.
Then (∆re)+ = (βk)k∈Z and we put:
Eβk =
{
Ti1Ti2 · · ·Tik−1(Fik) if k ≥ 0,
T−1i0 T
−1
i−1
· · ·T−1ik+1(Eik), otherwise.
The positive imaginary root vectors are defined by the following functional equa-
tion:
1 + (qi − q
−1
i )
∑
k≥0
K−1i [Ei, E−αi+kδ]z
k = exp
(
(qi − q
−1
i )
∞∑
k=1
E
(i)
kδ z
k
)
.
Recall the standard C-algebra antiautomorphism (see [13]) Ω : Uq(g) → Uq(g)
given by Ω(Ei) = Fi,Ω(Fi) = Ei,Ω(K) = K
−1 forK ∈ U0q (g), and Ω(q
1/2) = q−1/2.
For β ∈ ∆+, Fβ := E−β is defined to be Ω(Eβ).
We remark that the vectors E
(i)
kδ are related to the Drinfeld generators by E
(i)
kδ =
γ−|k|/2hik for all k ∈ Z6=0 (see [4]). Similarly, the vectors E±αi+kδ, i ∈ I, k ∈ Z are
related to the Drinfeld generators x±i,k by multiplication with some K ∈ U
0
q .
We recall:
Theorem 1.1 ([1]). The set of monomials in Eα, α ∈ ∆
+ (resp. Eα, α ∈ ∆
−)
with respect to any ordering is a basis of U+q (resp. U
−
q ).
The total height of x is defined to be d0 =
∑k
j=1(aj + a
′
j)ht(γj). We will use the
following ordering of positive roots:
β0 > β−1 > β−2 > · · · > δ > 2δ > · · · > β2 > β1. (1.12)
We also set −α < −β if and only if β > α for all positive roots α, β, providing
an ordering on ∆−. Beck’s total ordering of the positive roots can be divided into
three sets:
{α+ kδ | α ∈ ∆˚+, k ≥ 0} > {kδ | k > 0} > {−α + kδ | α ∈ ∆˚+, k > 0}.
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Similarly, for the negative roots, we have,
{−α− kδ | α ∈ ∆˚+, k ≥ 0} < {−kδ | k > 0} < {α− kδ | α ∈ ∆˚+, k > 0}.
For r ∈ Z, we define
β±r =
{
±βr if r ≤ 0
∓βr if r > 0.
Hence, we have S = {β+r | r ∈ Z} ∪ (∆
im)+. Set
Xβ+r =
{
Eβr if r ≤ 0
−FβrKβr if r ≥ 1,
Xβ−r =
{
Fβr if r ≤ 0
−K−1βr Eβr if r ≥ 1.
We have the following result which gives a PBW basis associated with a non-
standard partition of the root system.
Theorem 1.2 ([4]). Given m : Z ∋ r 7→ mr ∈ N such that #{r ∈ Z|mr 6= 0} <∞
define
X−(m) =
∏
r∈Z
Xmr
β−r
, X+(m) =
∏
r∈Z
Xmr
β+r
where one chooses a fixed ordering for the products.
Given l : N× I → N such that #{(r, i) ∈ N× I|l(r,i) 6= 0} <∞ define
E im(l) =
∏
(r,i)∈N×I
E
l(r,i)
(rδ,i), F
im(l) = Ω(Eim(l)),
where E(r,i) = E
(i)
rδ . Then the set
{X−(m)F im(l)KαD
rγs/2Eim(l′)X+(m′)}, r, s ∈ Z, α ∈ Q˚ (1.13)
is a basis of Uq(g).
A weight g-module V with respect to h has a decomposition V =
⊕
λ∈h∗ Vλ,
where Vλ = {v ∈ V | hv = λ(h)v for all h ∈ h}, and we say that the set
of weights of V is the support of V and write supp(V) = {λ ∈ h∗ | Vλ 6= 0}.
Similarly, a weight Uq(g)-module V has a decomposition V =
⊕
λ∈P Vλ, where
Vλ = {v ∈ V | Kiv = q
λ(hi)v,D±1v = q±λ(d)v}.
1.1. A-forms. Set A = C[q1/2, q−1/2, 1
[n]qi
, i ∈ I, n > 1]. Following [4] we define
the algebra UA = UA(g) to be the A-subalgebra of Uq(g) with 1 generated by the
elements
x±1ir , his, K
±1
i , γ
±1/2, D±1,
[
Ki; s
r
]
,
[
D; s
r
]
,
[
γ; s
1
]
i
,
[
γψi; k, l
1
]
for each i ∈ I, s ∈ Z and n ∈ Z+, where following [13], we define the Lusztig
elements in Uq(g): [
γ; s
1
]
i
=
γs − γ−s
qi − q
−1
i
, (1.14)
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[
γψi; k, l
1
]
=
γ
k−l
2 ψi,k+l − γ
l−k
2 ϕi,k+l
qi − q
−1
i
(1.15)
[
Ki; s
r
]
=
r∏
j=1
Kiq
s−j+1
i −K
−1
i q
−(s−j+1)
i
qji − q
−j
i
, and (1.16)
[
D; s
r
]
=
r∏
j=1
Dqs−j+10 −D
−1q
−(s−j+1)
0
qj0 − q
−j
0
(1.17)
where q0 = q
d0 . Let U+
A
(resp. U−
A
) denote the subalgebra of UA generated by the
x+ik, k ∈ Z, i ∈ I (resp. x
−
ik, k ∈ Z, i ∈ I). Also denote by U
0
A
the subalgebra of UA
generated by the elements hil, l ∈ N\{0}, 1 ≤ i ≤ n, γ
±1/2, K±1i ,
[
Ki;s
r
]
, D±1,
[
D;s
r
]
,[
γ;s
1
]
i
and
[
γψi;k,−k
1
]
.
We recall:
Lemma 1.3. [1, Proposition 3.10, Lemma 3.15] Set a = q2i γ
1/2, b = q2i γ
−1/2,
c = −q
aij
i γ
1/2, d = −q
aij
i γ
−1/2 for i 6= j, r > 0, m ∈ Z. Then
[ψir, x
−
im] = −γ
1/2[2]i
(
r−1∑
k=1
ak−1(qi − q
−1
i )ψi,r−kx
−
i,m+k + a
r−1x−i,m+r
)
[ψir, x
+
im] = γ
−1/2[2]i
(
r−1∑
k=1
bk−1(qi − q
−1
i )x
+
i,m+kψi,r−k + b
r−1x+i,m+r
)
[ψir, x
−
jm] = γ
1/2[aij]i
(
r−1∑
k=1
ck−1(qi − q
−1
i )ψi,r−kx
−
j,m+k + a
r−1x−j,m+r
)
[ψir, x
+
jm] = −γ
−1/2[aij ]i
(
r−1∑
k=1
dk−1(qi − q
−1
i )x
+
j,m+kψi,r−k + d
r−1x+j,m+r
)
.
A similar set of formulas can be obtained for ϕir by applying the anti-automorphism
Ω.
The next result follows from direct calculations, see [4], Proposition 3.4.2.
Proposition 1.4. The following commutation relations hold between the genera-
tors of UA. For k ∈ Z, l ∈ Z\{0}, 1 ≤ i, j ≤ n,
x+ik
[
Kj ; s
r
]
=
[
Kj; s− aji
r
]
x+ik,
x+ik
[
D; s
r
]
=
[
D; s− k
r
]
x+ik,[
Kj ; s
r
]
x−ik = x
−
ik
[
Kj ; s− aji
r
]
,
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[
D; s
r
]
x−ik = x
−
ik
[
D; s− k
r
]
,[
D; s
r
]
hik = hik
[
D; s+ k
r
]
,
[γ±1/2, UA] = [D,K
±1
i ] = [Ki, Kj] = [Ki, hjk] = 0,
Dhik = q
khikD, Dx
±
ik = q
kx±ikD,
Kix
±
jr = q
±(αi|αj)
i x
±
jrKi,
[hik, hjl] = δk,−l
1
k
[kaij]i
[
γ; k
1
]
i
[hik, x
±
jl] = ±
1
k
[kaij ]iγ
∓|k|/2x±j,k+l,
[x+ik, x
−
jl] = δij
[
γψi; k, l
1
]
.
Applying Proposition 1.4 and following the proof of Corollary 3.4.3 in [4] we
obtain:
Corollary 1.5. The algebra UA inherits the triangular decomposition of Uq(g):
UA = U
−
A
U0
A
U+
A
. In particular, any element u of UA can be written as a A-linear
combination of monomials of the form u−u0u+ where u± ∈ U±
A
and u0 ∈ U0
A
.
2. Irreducible weight modules over quantum Heisenberg algebras
In the Drinfeld presentation ([5]) of the quantized enveloping algebra Uq(g), the
quantum Heisenberg subalgebra Gq of Uq(g) is generated over C(q
1/2) by hik, i ∈ I,
k ∈ Z6=0 and γ
±1/2, where γ±1/2 is central and
hikhjl − hjlhik = δk+l,0 · a
k
ij;q ·
γk − γ−k
q − q−1
, ∀i, j ∈ I, k, l ∈ Z6=0 (2.1)
where
akij;q =
[k · aij ]qi
k · [dj ]qj
. (2.2)
We have
lim
q→1
akij;q =
(
αi|αj
)
didj
, (2.3)
where limq→1 a
k
ij;q means we expand any expression [n]qi in powers of qi and then
specialize q to 1. By (2.3) and the non-degeneracy of the form (·|·), the matrix
(akij;q)i,j∈I is invertible for any k ∈ Z6=0.
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Let (bkij;q)i,j∈I be the inverse matrix of (a
k
ij;q)i,j∈I . Make the following change of
variables among the negative generators of Gq:
h′j,−k =
n∑
m=1
bkmj;qhm,−k, j ∈ I, k ∈ Z>0. (2.4)
Then (2.1) is equivalent to (∀i, j ∈ I, ∀k, l ∈ Z>0)
hikh
′
j,−l − h
′
j,−lhik = δklδij ·
γk − γ−k
q − q−1
, (2.5a)
hikhjl − hjlhik = 0, (2.5b)
h′i,−kh
′
j,−l − h
′
j,−lh
′
i,−k = 0. (2.5c)
Let An·∞ be the countably infinite rank Weyl algebra with generators Xik, ∂ik,
(i ∈ I, k ∈ Z>0) and relations
∂ikXik −Xik∂ik = 1, (2.6)
XikXjl −XjlXik = ∂ikXjl −Xjl∂ik = ∂ik∂jl − ∂jl∂ik = 0, (i, k) 6= (j, l). (2.7)
Proposition 2.1. For any ℓ ∈ Z\{0}, we have an isomorphism of C(q1/2)-algebras
ψ : Gq/〈γ − q
ℓ〉 −→ An·∞
hik 7−→ [kℓ]q · ∂ik
h′i,−k 7−→ Xik
for all i ∈ I, k ∈ Z>0.
Proof. Using (2.5) one checks that ψ is well-defined. It is clearly surjective. Then
using the relations of the Weyl algebra one checks that the inverse assignments
also define a surjective homomorphism. 
Hence, we can identify Gq/〈γ− q
ℓ〉 with a countably infinite rank Weyl algebra.
In [6] the authors classified all simple weight (when all ∂ikXik are simultaneously
diagonalizable) modules over countably infinite rank Weyl algebras. Through the
isomorphism in Proposition 2.1 we obtain an ample supply of irreducible weight
modules over the quantum Heisenberg algebra Gq.
2.1. ϕ-imaginary Verma modules for the quantum Heisenberg algebra.
We construct a particular class of modules over the quantum Heisenberg algebra
Gq quantizing the so-called ϕ-imaginary Verma modules for classical Heisenberg
algebras considered in [3]. Denote by Hq the associative algebra over C(q
1/2)
generated by ai, i ∈ Z6=0, γ
±1/2 with γ±1/2 central and the following relations:
aiaj − ajai = δi+j,0
[2i]q
i
γi − γ−i
q − q−1
, i ∈ Z6=0. (2.8)
Hq is Z-graded with deg(ai) = i and deg(γ
±1/2) = 0. Due to (2.5) we have an
isomorphism between Gq and the tensor product of n copies of Hq. Therefore,
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we can use representations of Hq to construct modules over Gq. Again Hq can be
viewed as a certain Weyl algebra by Proposition 2.1.
Let ϕ : Z>0 → {±} and define H
±
ϕ to be the subalgebra of Hq generated by
a±ϕ(i)i, i ∈ N. Let Bϕ be the subalgebra of Hq generated by H
+
ϕ and γ
±1/2. Let
C(q1/2)vℓ, ℓ ∈ Z be the representation of Bϕ such that γ · vℓ = q
ℓvℓ,H
+
ϕ · vℓ = 0.
Then the ϕ-imaginary Verma module for Hq, ℓ is defined to be:
M
q
ϕ(ℓ) = Hq ⊗Bϕ C(q
1/2)vℓ. (2.9)
We denote by H the infinite Heisenberg Lie algebra generated by ai, i ∈ Z6=0, c with
c central and the following relations:
[ai, aj] = δi+j,0c, i, j ∈ Z6=0.
ϕ-Imaginary Verma modules for H were studied in [3].
Hq has a natural grading in which ai, i ∈ Z6=0 is given degree i and c is given
degree 0. We define (Hq)n to be the homogeneous component of Hq of degree
n and set (H−ϕ )n = (Hq)n ∩ H
−
ϕ . We have the following analogous properties of
ϕ-imaginary Verma modules for quantum Heisenberg algebra, Hq:
Proposition 2.2. (1) Mqϕ(ℓ) is a Z-graded Hq-module, where
M
q
ϕ(ℓ) =
⊕
n∈Z
M
q
ϕ(ℓ)n,
and Mqϕ(ℓ)n = (H
−
ϕ )n · vℓ. If ϕ(k) 6= ϕ(l) for some k, l ∈ N, then M
q
ϕ(ℓ)n is
infinite dimensional for any n ∈ Z,
(2) Mqϕ(ℓ) is irreducible if and only if ℓ 6= 0.
Proof. By Proposition 2.1 we have Hq/〈γ − q
ℓ〉 ∼= U(H)/〈c − ℓ〉. Therefore, there
is an equivalence between the category of weight modules of Hq on which γ acts
as qℓ and the category of modules of U(H) on which c acts as ℓ. The result then
follows from Propositions 3.2 and 3.3 of [3]. 
Of course, the construction of ϕ-imaginary Verma modules and their properties
are easily extendible to the case of Gq.
3. Generalized Loop Modules
Here we review a construction of generalized loop modules of the Heisenberg
subalgebra of an untwisted loop algebra from [3], [9] and [10]. They are defined
by inducing from certain parabolic submodules based on a non-standard partition
of the roots of g.
Consider a Heisenberg Lie subalgebra G := Cc ⊕
⊕
n∈Z\{0} gnδ of the affine
algebra g. Thus, [x, y] = (x, y)c for all x ∈ gmδ, y ∈ gnδ, where (x, y) is a skew-
symmetric bilinear form such that (gmδ, gnδ) = 0 if n +m 6= 0 and its restriction
to gmδ × g−mδ is nondegenerate for all m 6= 0. Set G
± =
⊕
n∈N g±nδ.
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We will denote by K the category of all Z-graded G-modules with the grading
compatible with the above grading of G. If V is a G-module (respectively g-
module) with a scalar action of c then this scalar is called the level of V .
Let P = P0 ⊕N be a parabolic subalgebra of g with the Levi subalgebra P0 =
G+ h. If N is a module from K then one defines on it a structure of a P0-module
by choosing any λ ∈ h∗ and setting hv = λ(h)v for any h ∈ h and any v ∈ N.
Moreover, N can be viewed as a P-module with a trivial action of N.
Following [3] and [9], [10] consider the induced g-module
indλ(P, g;N) = U(g)⊗U(P) N.
Hence we obtain a functor
indλ(P, g) : N 7−→ indλ(P, g;N)
from the category K of G-modules to the category of weight g-modules. Let K˜ be
the full subcategory of K consisting of modules on which c acts injectively.
The following theorem shows that the functor indλ(P, g) preserves irreducibility
when applied to any irreducible G-module in K˜. A particular case of this result
was established in [3].
Theorem 3.1 ([3], [9], [10]). Let P = P0⊕N be a parabolic subalgebra of g, where
P0 = G+ h. Let λ ∈ h
∗ such that λ(c) 6= 0. Then the functor indλ(P, g) preserves
the irreducibles.
In particular, let P = (h + G)⊕ gR be the parabolic subalgebra of g with Levi
factor h+G, where gR =
⊕
β∈R gβ, where R = {α + kδ | α ∈ ∆˚
+, k ∈ Z}.
Let V ∈ K˜ of level ℓ 6= 0, V =
⊕
k∈Z Vk. Consider λ ∈ h
∗ such that λ(c) = ℓ and
define a P-module structure on V by setting gRV = 0 and hw = (λ+ kδ)(h)w for
any w ∈ Vk and any h ∈ h. Then the generalized loop module is defined as
M(λ,V) = U(g)⊗U(P) V (3.1)
and we have:
Corollary 3.2. If V is an irreducible G-module in K˜ of level λ(c) 6= 0, then
M(λ,V) is an irreducible g-module.
Note that supp M(λ,V) =
⋃
β∈Q˚+
{λ−β+kδ | k ∈ Z}. Moreover, dimM(λ,V)µ =
∞ for any µ of the form µ = λ− β + kδ where β 6= 0 and k ∈ Z.
4. Generalized Loop Modules–The Quantum Case
Now we define generalized loop modules for the quantized algebra. Let Kq
denote the category of Z-gradedGq-modules. Let U
d
q (±) be the subalgebra of Uq(g)
generated by the Drinfeld generators x±ik (i ∈ I, k ∈ Z) and G
d
q be the subalgebra
of Uq(g) generated by Gq and U
0
q . Set B
d
q to be the subalgebra generated by
Udq (+)∪G
d
q . Let V be a Gq-module on which c acts as the scalar ℓ ∈ Z and λ ∈ P
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be a weight such that λ(c) = ℓ. Extend the action of Gq on V to B
d
q by setting
x+ik ·V = 0, K
±1
i ·v = q
±λ(hi)v, and D±1 ·v = q±λ(d)v for all i ∈ I, k ∈ Z, and v ∈ V.
Define Mq(λ,V) = Uq(g) ⊗Bdq V. Then Mq(λ,V) is called the quantum generalized
loop module associated with V and λ.
We can also define quantum generalized loop modules using the first presentation
of Uq(g). Let U
r
q (±) be the subalgebra of Uq(g) generated by {Xβ±k
| k ∈ Z}, and
Grq be the subalgebra generated by {E
(i)
kδ | i ∈ I, k ∈ Z} ∪ {γ
±1/2} and U0q . Note
that Grq = G
d
q . Denote by B
r
q the subalgebra of Uq(g) generated by U
r
q (+) ∪ G
r
q.
Let λ ∈ P and V be an irreducible Grq-module such that K
±1
i · v = q
±λ(hi)v and
D±1 ·v = q±λ(d)v for v ∈ V and i ∈ I∪{0}. We give V the structure of a Brq -module
by setting Xβ+k
V = 0. We have:
Proposition 4.1. Mq(λ,V) is isomorphic to Uq(g)⊗Brq V as Uq-modules.
Proof. The proof is similar to the proof of Corollary 4.1.3 in [4], which concerns
the case where V = Cv. 
Applying Theorem 1.2 we immediately obtain:
Theorem 4.2. Suppose V is an irreducible module in Kq. As a vector space over
C(q1/2), Mq(λ,V) is isomorphic to
⊕
i Uq(−)⊗ vi where {vi} is a basis of V, hence
is free as a Uq(−)-module.
Denote by Gd
A
the A-subalgebra of UA(g) generated by
his, K
±1
i , γ
±1/2, D±1,
[
Ki; s
r
]
,
[
D; s
r
]
,
[
γ; s
1
]
i
,
[
γψi; k, l
1
]
for i ∈ I, r, s ∈ Z, s 6= 0. Using Proposition 2.2 one constructs a large supply of
irreducible GA-modules. We have G
d
A
/〈q1/2−1〉 ≃ U(G+h) and Gd
A
⊗AC(q) ≃ G
d
q .
Let V be an irreducible Gq-module in Kq. Extend it to a G
d
q-module through
some fixed λ ∈ P . Suppose there exists a basis {vj}, j ∈ J of V such that
VA =
∑
j Avj is a G
d
A
-submodule such that its classical limit VA/(q − 1)VA is
an irreducible G + h-module in the category K. We will call such module A-
admissible. Again using Proposition 2.2 A-admissible irreducible Gq-modules can
be constructed from irreducible modules of a certain Weyl algebra.
Now fix an irreducible module V ∈ Kq which is A-admissible with respect to
a suitable basis {vj}, j ∈ J . We define the A-form of Mq(λ,V) to be the UA(g)-
submodule MA(λ,V) =
∑
j UA(g)⊗Bq vj . We immediately have the following:
Lemma 4.3. As a module over A, MA(λ,V) is spanned by U−
A
⊗ vj, and is free as
a U−
A
-module.
Consider the map ξ : C(q1/2)⊗AM
A(λ,V)→ Mq(λ,V) given by ξ(f⊗v) = fv, f ∈
C(q1/2), v ∈ MA(λ,V). This is clearly surjective, and has inverse ζ : Mq(λ,V) →
11
C(q1/2) ⊗A M
A(λ,V) given by ζ(X−(m)vj) = 1 ⊗ X
−(m)vj , where {X
−(m)vj} is
an A-basis of Mq(λ,V). Therefore, we have the following:
Proposition 4.4. For any λ ∈ P and any A-admissible V ∈ Kq, C(q
1/2) ⊗A
M
A(λ,V) ∼= Mq(λ,V) as C(q
1/2) vector spaces.
From Lemmas 4.2 and 4.3 we have:
Proposition 4.5. MA(λ,V) is a weight module with the weight decomposition
M
A(λ,V) =
⊕
µ∈P M
A(λ,V)µ, where M
A(λ,V)µ = M
A(λ,V) ∩Mq(λ,V)µ.
The isomorphism given in Proposition 4.4 restricts to the weight spaces to give
that for each µ ∈ P ,M(λ,V)µ is a free A-module. Also, when dimC(q1/2)(Mq(λ,V)µ) <
∞, we have rankA(M
A(λ,V)µ) = dimC(q1/2)(Mq(λ,V)µ).
We now give the classical limits of Uq(g) and Mq(λ,V). We set U
′ = A/J⊗A UA,
where J is the ideal of A generated by q1/2−1. Now, define U = U ′/K ′ where K ′ is
the ideal of U ′ generated by Ki−1, D−1, and γ
1/2−1. We denote by u the image
of u ∈ U ′ under this isomorphism. Thus, U is the q1/2 = 1 limit of Uq(g), hence
U ∼= U(g), with Ei, F i,
[
Ki;r
s
]
, i ∈ I ∪ {0} and
[
D;r
s
]
getting sent to ei, fi,
(
hi+r
s
)
, i ∈
I∪{0}, and
(
d+r
s
)
respectively. Also, we have that the root generators of UA, namely
{xik, hil|i ∈ I, k ∈ Z, l ∈ Z6=0} are sent to the corresponding root generators of U(g)
under this isomorphism (see [1, Theorem 4.7]).
For λ ∈ P and V an A-admissible irreducible module in Kq let M(λ,V) =
A/J ⊗A M
A(λ,V). After taking this classical limit, V becomes an irreducible G-
module V in K, since it is assumed to be A-admissible. For µ ∈ P, let M(λ,V)µ =
A/J ⊗A M
A(λ,V)µ. Thus, M(λ,V) is a U
′-module and the weight space decom-
position of MA(λ,V) gives M(λ,V) =
⊕
µ∈P M(λ,V)µ. Also dimC(M(λ,V)µ) =
rankA(M
A(λ,V)). We have that Ki, D, and γ
1/2 act as the identity on M(λ,V),
since they act as integral powers of q1/2 on weight vectors of MA(λ,V), which eval-
uate to 1 in the classical limit. Therefore we have thatM(λ,V) is also a well-defined
U -module, called the classical limit of MA(λ,V). Using this identification one may
easily verify the following:
Proposition 4.6. Let V ∈ Kq be an irreducible A-admissible Gq-module. Then
as a U(g)-module, M(λ,V) is a weight module generated by V such that, for any
µ ∈ P,M(λ,V)µ is the µ-weight space of M(λ,V).
Finally, we prove:
Proposition 4.7. For any A-admissible irreducible Gq-module in Kq and any λ ∈
P , M(λ,V) is a free U(g−R)-module generated by V, where R = {α+kδ | ∆˚, k ∈ Z}.
Proof. Let {vj}, j ∈ J be a suitable basis of V . Then M
A(λ,V) is the A-span of
u− ⊗A vj, for u
− ∈ U−
A
, by Lemma 4.3. Therefore, by the previous proposition,
M(λ,V) is spanned over C by the images u− ⊗C vj . But the images u− ∈ U
12
correspond to basis monomials in U(g−R), and the vj are a basis of V by the
admissibility of V. Therefore, M(λ,V) is a free U(g−R)-module, generated by
vj , j ∈ J . 
The conclusion is that M(λ,V) ∼= M(λ,V). By Propositions 4.6 and 4.7 we see
that Mq(λ,V) is a quantum deformation of M(λ,V). Hence, applying Corollary
3.2 we obtain our main result which allows to construct irreducible Uq(g)-modules
from irreducible Gq-modules.
Theorem 4.8. If V ∈ Kq is an irreducible A-admissible Gq-module of level λ(c) 6=
0, then Mq(λ,V) is irreducible Uq(g)-module.
Proof. Let W be a proper submodule of Mq(λ,V). Then W
A = W ∩ MA(λ,V) is
a submodule of MA(λ,V) and the classical limit of WA is a proper submodule of
M(λ,V). But, M(λ,V) is irreducible by [3] (Theorem 5.6), [10]. Therefore, so is
Mq(λ,V). 
We believe the restriction on V to be A-admissible can be lifted.
5. ϕ-imaginary Verma modules for affine quantum algebras
In this section we consider a particular class of quantum generalized loop mod-
ules. In the q = 1 case they were introduced in [3]. Let ϕ : N → {+,−} be
an arbitrary function. Denote Sϕ = (S ∩ ∆
re) ∪ {nδ|n ∈ Z>0, ϕ(n) = +} ∪
{−mδ|m ∈ Z>0, ϕ(m) = −}. Let λ ∈ P, B
ϕ
q be the subalgebra of Uq(g) generated
by {Eβ|β ∈ Sϕ} ∪ U
0
q (g). Let C(q
1/2)vλ be the representation of B
ϕ
q such that
Ki · vλ = q
λ(hi)vλ, i ∈ I,D · vλ = q
λ(d)vλ, Uq(Sϕ) · vλ = 0. Then the ϕ-imaginary
Verma module for Uq(g) is defined to be:
M
ϕ
q (λ) = Uq(g)⊗Bϕq C(q
1/2)vλ. (5.1)
We have the following property of Mϕq (λ), which is an analogue of the U(g) case
in [3]:
Proposition 5.1 (Analogous to Proposition 3.4 in [3]). If ϕ(k) 6= ϕ(l) for some
k, l ∈ Z>0, then dim M
ϕ
q (λ)µ =∞ for all weights µ.
Consider the Gq-submodule of M
ϕ
q (λ) generated by vλ: Nq = Gqvλ. Then
Proposition 5.2. The module Nq is irreducible in Kq if and only if λ(c) 6= 0.
Moreover, it is an A-admissible module.
Proof. Note that Nq is a ϕ-highest weight module, i.e. for any n ∈ N either gnδvλ =
0 or g−nδvλ = 0 depending on the sign of ϕ(n). Then a standard argument shows
that Nq is irreducible when λ(c) 6= 0. If λ(c) = 0 then the maximal submodule
of Nq is the vector space direct sum complement of C(q
1/2)vλ. Choose a ϕ-highest
weight vector v ∈ Nq and let NA = G
d
Av. Then the classical limit of NA is irreducible
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because the universal ϕ-highest weight module is irreducible itself. Therefore Nq
is A-admissible. 
We have an isomorphism
M
ϕ
q (λ) ≃ Mq(λ,Nq).
Theorem 5.3. Let ϕ : N→ {+,−}, λ ∈ P . Then Mϕq (λ) is irreducible if and only
if λ(c) 6= 0.
Proof. Indeed, if λ(c) 6= 0 then Nq is irreducible by Proposition 5.2. Applying
Theorem 4.8 we immediately obtain thatMϕq (λ) is irreducible. Conversely, suppose
M
ϕ
q (λ) is irreducible but λ(c) = 0. Then Nq contains a nontrivial submodule by
Proposition 5.2, which in turn generates a nontrivial submodule of Mϕq (λ). 
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